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Nonsequential two-photon ionization of inner-shell np subshell of neutral atoms by circularly
polarized light is investigated. Detection of subsequent fluorescence as a signature of the process is
proposed and the dependence of fluorescence degree of polarization on incident photon beam energy
is studied. It is generally expected that the degree of polarization remains approximately constant,
except when the beam energy is tuned to an intermediate n′s resonance. However, strong unexpected
change in the polarization degree is discovered for nonsequential two-photon ionization at specific
incident beam energy due to a zero contribution of the otherwise dominant ionization channel.
Polarization degree of the fluorescence depends less on the beam parameters and its measurements
at this specific beam energy, whose position is very sensitive to the details of the employed theory,
are highly desirable for evaluation of theoretical calculations of nonlinear ionization at hitherto
unreachable accuracy.
Introduction. The advances and increasing number of
free-electron lasers (FELs) revolutionized exploration of
inner-shell electron dynamics and nonlinear light-matter
interaction by delivering intense extreme-ultraviolet and
x-ray beams. These high intensities allow detection of
nonsequential ionization where multiple photons are ab-
sorbed at the same time. First observation of the low-
est order nonsequential ionization, the two-photon ion-
ization, by intense FEL beams were made by measuring
high charge states of rare gas atoms, however, only ion
yields in arbitrary units were extracted [1, 2]. More re-
cent experiments do report a total ionization cross section
which is extracted from measurements of ion or fluores-
cence yields, however, more often than not, the corre-
sponding uncertainty cannot be estimated. While some
of these experimental cross sections seem to be in agree-
ment with theory [3–6] within an order of magnitude
[7, 8], other [9, 10] report values of even two or three
orders of magnitude larger than theoretically calculated
predictions. There are few measurements which were re-
ported with the experimental uncertainties [11–13], how-
ever, since second-order processes depend quadratically
on the incoming beam intensity, the uncertainties in mea-
sured cross sections are strongly affected by beam param-
eters which determine the absolute intensity. As a con-
sequence the uncertainty in resulting cross section can
reach up to an order of magnitude. These large uncer-
tainties smear out the differences between different theo-
retical models [14–21] preventing detailed understanding
of the process as well as precise comparison between ex-
periment and theory.
In this paper, we demonstrate that two-photon inner-
shell ionization can be precisely understood by study-
ing the degree of polarization of the subsequent fluores-
cent light and its dependence on incident beam energy.
Firstly, degree of polarization does not depend on some
beam parameters such as peak intensity, and hence the
corresponding uncertainties do not propagate to the fi-
nal observable quantity. Secondly, we demonstrate that
in contrast to the expected near constant value of de-
gree of polarization of the fluorescent light, clear peaks
(or troughs) appear for specific nonsequential incident
photon energies. The origin of the peaks is similar to
the Cooper minimum in one-photon ionization process
[22, 23], which describes the incident photon energy at
which the dominant ionization channel vanishes. This
behavior is strongly projected into observable quantities
such as total cross section and photoelectron angular dis-
tributions. The aim of this paper is to clearly prove
the existence of such Cooper minima in nonsequential
two-photon ionization and present their strong influence
on the degree of polarization of subsequent fluorescent
light. Measurement of fluorescence as a characteristic
of two-photon ionization is well established [7, 12, 13],
and hence, additional detection of fluorescence polariza-
tion degree could be utilized to evaluate many-electron
or strong field effects. Moreover, this method could
find applications beyond fundamental importance, as it
could also serve for applied fields such as nonlinear spec-
troscopy of atoms and molecules [8].
For clarity, but without loss of generality, let us ex-
plain the suggested principle on an example which can
be schematically represented as follows
A + 2γi → A
+np−1 + e→ A+n′s−1 + e+ γf . (1)
In this two-step process, inner-shell np−1 vacancy is cre-
ated in an atom A by absorption of two right-circularly
polarized photons, each with energy ωi. This vacancy
is subsequently filled by a radiative decay from energeti-
cally higher n′s state resulting in an emission of a fluores-
cent photon. Our goal is to analyze degree of polarization
of this photon. First, we start with simple and clear ex-
2planation of the polarization properties. For this reason
we will restrict our description to nonrelativistic single-
active electron framework, where the interaction of the
active electron with the field is considered within elec-
tric dipole approximation. Later, however, we justify the
obtained predictions within fully relativistic many-body
description and confirm them numerically on an example
of magnesium atom.
Nonrelativistic explanation of nonlinear Cooper min-
imum. To describe the interaction of the atom with
light, we have previously developed a theoretical ap-
proach [24]. Tracing out degrees of freedom of the pho-
toelectron leaves us with density matrix ρmm
′
ion which de-
scribes the final photo-ion with an inner-shell hole in the
magnetic substate m of the p-orbital
ρ11ion =
9
140π2
27|Uf |
2,
ρ00ion =
9
140π2
9|Uf |
2, (2)
ρ−1−1ion =
9
1400π2
(7|Up|
2 + 18|Uf |
2),
ρmm
′
ion = 0, for all m 6= m
′
.
Here, Ul are the radial transition amplitudes to the final
l−partial wave which contain the summation over the
complete spectrum of intermediate ionization paths
Ul =
∑∫
i
〈ǫel||r||i〉 〈i||r||np〉
Enp + ω − Ei
, (3)
where typical notation for quantum numbers was used.
The contributions to the final p partial wave originate
from two quantum paths, p→ s→ p and p→ d→ p, and
its corresponding amplitude is given by Up = (5Up→s→p+
Up→d→p).
To obtain polarization properties of the n′s → np de-
cay, we once again use tools of density matrix formalism.
The general form of fluorescent photon density matrix
was derived, e.g., in Ref. [25], and in our case it is given
by
ρ±1±1γf =
9|Tn′snp|
2
2800π
{
7(cos θ ± 1)2|Up|
2
+ 12
[
(3 cos θ ∓ 7)2 − 10
]
|Uf |
2
}
, (4)
ρ−11γf = ρ
1−1
γf =
−9|Tn′snp|
2 sin2 θ
2800π
(7|Up|
2 + 108|Uf |
2),
where θ is angle between fluorescence emission direction
and propagation direction of the two incident photons,
Tn′snp is the reduced transition amplitude describing de-
cay of the n′s electron to the np−1 vacancy. The degrees
of linear and circular polarization can be easily obtained
FIG. 1. (Color online) Schematic diagram of possible electric
dipole channels for two-photon ionization of a p−electron by
right-circularly polarized light. The population of each mag-
netic projection, m = −1 (squared green pattern), m = 0
(vertical blue pattern), m = 1 (horizontal red pattern), after
ionization is indicated with respect to the full shell population
(dotted rectangle) for photon energies not matching polariza-
tion resonances (left) and matching them (right).
from the photon density matrix
(5)
P1(θ) =
−2 sin2(θ)
[
7|Up|
2 + 108|Uf |
2
]
7
[
3 + cos(2θ)
]
|Up|2 + 36
[
29 + 3 cos(2θ)
]
|Uf |2
,
P3(θ) =
28 cos(θ)
[
|Up|
2 − 36|Uf |
2
]
7
[
3 + cos(2θ)
]
|Up|2 + 36
[
29 + 3 cos(2θ)
]
|Uf |2
.
From Eq. (4), it is clear that P2(θ) = 0. The above
expressions show, that measuring polarization near in-
cident photon propagation direction (θ = 0◦) will yield
the largest effect for P3, while placing the detector per-
pendicular to this axis will result in maximum of P1.
Moreover, it also indicates that whenever the ionization
path with intermediate s-state strongly dominates, i.e.
|Up| ≫ |Uf |, fluorescence polarization will be fully polar-
ized, P 21 (θ) + P
2
3 (θ) ≈ 1, with P3(0
◦) ≈ 1 and P1(90
◦) ≈
−1 (right side of Fig. 1). However, according to the
Fano propensity rule [26], the channel with the highest
angular momentum generally dominates, |Uf | ≫ |Up|.
In this case, Eqs. (5) predict the fluorescence to have
P3(0
◦) ≈ −0.88 and P1(90
◦) ≈ −0.23 (left side of Fig.
1). We can therefore expect that any variation of the
amplitude ratios will be sensitively projected into the
fluorescence polarization. The same could be expected
in angular distributions of fluorescent photon, but here
we restrict ourselves to its polarization properties only.
Although the transition amplitudes Ul need to be cal-
culated explicitly, let us predict full polarization transfer
3from incident to fluorescent photon in direct two-photon
ionization by circularly polarized light by physical ar-
guments based on properties of Eq. (3) and quantum
paths of each magnetic substate of the p orbital (see
Fig. 1). The absorption of each right-circularly po-
larized photon increases angular momentum projection
of the active electron by unity, which restricts the pos-
sible ionization channels for each initial magnetic sub-
state. While the ionization channel which describes the
photoelectron with f−symmetry is open to all of the
bound np−electrons, channels describing photoelectron
with p−symmetry is open only to m = −1 electron. It
follows that whenever Up transition amplitude dominates
over the Uf amplitude, ionization of the electron with
negative projection will be strongly preferred. If we, for
example, choose a photon energy matching a transition
to an intermediate level s−resonance, channel with final
p−symmetry will be strongly enhanced and population of
negative projection electrons will be depleted (see right
side of Fig. 1). The subsequent n′s→ np electronic tran-
sition will therefore mostly fill the m = −1 vacancy, and
emit a photon with helicity λ = −1 along the incident
beam propagation (quantization) axis. This means that
the emitted radiation will be fully polarized, and specifi-
cally, degree of circular polarization of this photon along
quantization axis will be P3(0
◦) ≈ 1 while at right angle
to the quantization axis P1(90
◦) ≈ −1. The resonant
photon energy will be therefore imprinted in fluorescence
polarization spectrum in form of a peak (or through),
to which we shall in future refer to as level resonance.
Since the channel with final f−symmetry is generally
dominant, tuning our photon energy to an intermediate
d−resonance will not affect the fluorescence polarization.
There is another scenario, where transition amplitude
Up dominates over Uf amplitude. Equation (3) shows,
that all possible intermediate ionization paths contribute
to the transition amplitude, and hence, we need to sum
over the complete atomic spectrum. Now, consider a
photon energy ω for which Enp+ω−Ed1 < 0 and Enp+
ω − Ed2 > 0. We can therefore always fine tune the
incident photon energy, such that contributions to the
amplitudes from higher energy paths d1 and from lower
energy spectra d2
Uf(ω) =
Ed1>Enp+ω∑∫
d1
〈ǫef ||r||d1〉 〈d1||r||np〉
Enp + ω − Ed1
+
Ed2<Enp+ω∑∫
d2
〈ǫef ||r||d2〉 〈d2||r||np〉
Enp + ω − Ed2
, (6)
exactly balance each other out, i.e. Uf(ωNCM) = 0. This
energy describes passing of the otherwise dominant chan-
nel through zero, and hence, we call this point the non-
linear Cooper minimum (NCM). At this incident energy,
only electrons with initial m = −1 projection will be
ionized and hence the subsequent fluorescence will be
fully polarized. Such nonlinear Cooper minimum can be
found between any two adjacent level resonances of the
same angular momentum. Furthermore, this is a general
feature of two-(or even multi-)photon ionization. If an
initially bound electron in nl shell absorbs multiple pho-
tons, nonlinear Cooper minimum can be found between
any pair of n′(l + 1) and (n′ + 1)(l + 1) resonances. In
our example, switching off the channels with intermedi-
ate d− states results in a polarization resonance, which
we coin Cooper resonance.
Nonsequential two-photon photon ionization of magne-
sium atom. Let us support the above predictions with a
numerical calculation of two-photon ionization of p elec-
tron of neutral magnesium. We will use the typical many-
electron notation in which J represents the total angular
momentum, M its projection and α all further numbers
that are needed for unique characterization of the state.
An atom being initially in the state |αiJiMi〉 is ionized by
two right-circularly polarized photons |kiλi〉, each with
energy ωi. After simultaneous absorption of two pho-
tons, the system composes of a singly charged excited ion
and a free electron with momentum pe and spin projec-
tion me, i.e. final state after ionization |αfJfMf ,peme〉.
In the next step, the excited ion relaxes into its ground
state with simultaneous emission of a fluorescent photon
|kfλf 〉 with momentum kf , helicity λf and energy ωf .
For the particular example of two-photon ionization
of the p orbital of magnesium atom, the initial state
is |αiJiMi〉 =
∣∣1s22s22p63s2 1S0〉 ≡ i. The dominant
ionization channels will lead to the following two final
states (ionic part only)
∣∣1s22s22p53s2 2P1/2〉 ≡ f1/2 and∣∣1s22s22p53s2 2P3/2〉 ≡ f3/2, describing singly charged
magnesium ion with 2p−11/2 and 2p
−1
3/2 holes, respectively.
The subsequent decay of the ion to the ground state∣∣1s22s22p63s 2S1/2〉 ≡ g results in an emission of a fluo-
rescence photon with energy ωf = Ef1/2−Eg = 50.153 eV
or ωf = Ef3/2−Eg = 49.915 eV [27]. Let us now consider
displacement of other electrons, so called shake-up pro-
cesses, which could influence the final result. Assuming
that this secondary effect is more important near thresh-
old energies, similarly as in one-photon ionization, the
shake-up transition 1s22s22p63s2+2γi → 1s
22s22p53s4s
dominates this effect [28]. We estimated that in our ex-
ample, this process contributes by less than 10%. More-
over, the subsequent fluorescent photon carries energy
E1s22s22p53s4s − E1s22s22p64s ≥ 52.26 eV [27], depending
on coupling of 2p53s4s electrons. It is therefore clear,
that in comparison to ≈ 50 eV produced by the domi-
nant channels, one can filter out the photons arising from
the shake-up decay channel by the photon detector [29].
Based on the above arguments, it is reasonable to con-
sider the two-photon ionization process which leads to the
final states f1/2 and f3/2 only. The energy of the subse-
quent fluorescent photons emitted by a decay of these two
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FIG. 2. (Color online) Two-photon ionization of the p1/2−(upper) and p3/2− (lower) electron of magnesium atom. Total cross
section (dot-dashed) and degree of circular and linear polarization of the emitted fluorescent photon P3(θ = 0
◦) (full) and
P1(θ = 90
◦) (dashed) as functions of incident photon energy. While the level fluorescence resonances match the intermediate
s−state (also visible in the total cross section), the Cooper resonances originate from vanishing of the dominant ionization
channels.
states differs by about 0.25 eV, which is well within ex-
perimentally resolvable limits [29]. Therefore, these pho-
tons can be easily distinguished and their density matrix
is given by
ρ
λfλ
′
f
γf =
∑
MgM
′
g
MfM
′
f
T
λf
fjMfgMg
ρ
fjMffjM
′
f
ion T
λ′f∗
fjM ′fgM
′
g
, (7)
where T
λf
fjMfgMg
is the transition amplitude describing
decay of the singly charged ion in the state fj to its
ground state g, and ρ
fjMffjM
′
f
ion is the density matrix of
the ion [30]
ρ
fjMffjM
′
f
ion =
(8π)3α2
ω2i
∫
d3pe
∑
λi1λi2me
λ′i1λ
′
i2
m′e
ρ
λi1λ
′
i1
γi ρ
λi2λ
′
i2
γi
×M
λi1λi2
ifjMfpeme
M
λ′i1λ
′
i2
∗
ifjM ′fpem
′
e
δ(Ei + 2ωi − Efj − εe).(8)
The transition amplitudes take the form
Mλ1λ2ifjMfpeme =
∫∑
αnJnMn
T
λi2
αnJnMnfjMfpeme
T
λi1
iαnJnMn
Ei + ωi − EαnJn
. (9)
Unfortunately, so far there is currently no approach de-
veloped to calculate the second-order matrix elements of
Eq. (9) within many-body approaches. For this reason,
we perform fully relativistic calculation within single-
active electron approach. The results are presented in
Fig. 2, where the upper figure shows the results cor-
responding to two-photon ionization of the 2p1/2 (f1/2
state) electron and the figure below to ionization of the
2p3/2 (f3/2 state) electron. Figure 2 shows the total
two-photon ionization cross section as well as degrees
of circular and linear polarization of subsequent fluo-
rescent photon as functions of incident photon energy.
The degree of circular polarization (full green) gener-
ally takes constant value of around P3(0
◦) ≈ −0.7 along
the quantization axis, while degree of linear polariza-
tion at perpendicular direction is P1(90
◦) ≈ −0.1 for
the 2p3/2 hole case. However, these values change dra-
matically at clearly visible resonances. Comparing the
energy positions of these polarization resonances, we no-
tice that some of them (level resonances) appear at the
same energies as the resonances of the total cross section.
These polarization resonances correspond to the sequen-
tial (resonant) two-photon ionization case. On the other
hand, Cooper (polarization) resonances have no counter
part in the total cross section. They appear due to the
dominant ionization channel passing through zero be-
tween two adjacent 2p63s2 1S0 → 2p
5(P1/2)3s
2nd 1P1
or 2p63s2 1S0 → 2p
5(P3/2)3s
2nd 1P1 resonances, as has
been explained above.
Comparing the presented results with the nonrelativis-
5tic predictions, we notice that by resolving the fine-
structure splitting of the 2p−electrons, we also observe
the splitting of the Cooper resonances associated with
each of them. Furthermore, Fig. 2 also shows that the
relativistic description keeps the nonzero linear polar-
ization of the fluorescence photons only for 2p3/2 hole
and changes its magnitude. When, however, we as-
sume Ef1/2 = Ef3/2 an additional interference term
ρ
f1/2Mff3/2M
′
f
ion should be included in Eq. (7). With this
interference term the nonrelativistic results are restored.
Otherwise, the simple nonrelativistic description pre-
sented above predicts and clearly explains the physics
of the nonlinear Cooper resonances in the fluorescence
polarization spectrum.
First Cooper resonance occurs at energy ω = 55.87 eV
near the intermediate 2p63s2 1S0 → 2p
5(P1/2)3s
23d 1P1
resonant transition in case of the 2p1/2 hole, while the
corresponding Cooper resonance in the 2p3/2 hole fluo-
rescence can be found at ω = 56.06 eV close to the in-
termediate 2p63s2 1S0 → 2p
5(P3/2)3s
24d 1P1 resonance.
The required photon energy and polarization needed for
experimental verification of the above predictions are al-
ready available at the FERMI FEL [31]. Furthermore,
FERMI’s seeded operation delivers high stability of out-
put central wavelength allowing to resolve the narrow
Cooper resonances (≈ 0.02 eV in the case of magnesium,
see Fig. 2).
Predictions of exact energy positions of polarization
Cooper resonances strongly depend on capability of the-
oretical models to represent the complete atomic spec-
trum. However, our aim here is not to predict the posi-
tion precisely, but to justify that the nonlinear Cooper
minimum always appears between any pair of n′(l + 1)
and (n′ + 1)(l + 1) resonances (as explained above). Al-
though we consider our proof to be rather general, we
carried out further calculations for verification. The em-
ployed single-active electron approach reproduces all the
intermediate resonances |αnJnMn〉 as listed by NIST [27]
in the given energy region. The remaining difference be-
tween single- and many-electron approaches comes from
the numerical values of matrix elements. In order to in-
vestigate the sensitivity of the matrix elements on the
employed theoretical model, we perform the calculations
for number of different screening potentials [32–34]. Fig-
ure 3 presents the cross section (shaded) and degrees of
circular polarization of fluorescence light emitted after
two-photon ionization of 2p1/2 electron for three different
screening potentials: Core-Hartree (dot-dashed, blue),
Perdew-Zunger (full, green), and Kohn-Sham (dashed,
red). From the figure, it is clear that although the exact
position predictions of Cooper minima differ, the min-
ima are predicted by all potentials. Thus, with the pre-
sented calculations we cover the essential attributes of
the second-order many-electron matrix elements (9) and
justify the existence of nonlinear Cooper minima.
Experimental accuracy. The fluorescence yield Φ(θ),
which is typically measured in experiments [7, 8, 12, 13],
being integrated over angles, is a product of cross section
σ(2) and a photon flux F squared [35]∫
Φ(θ)dθ ∝ σ(2)F 2. (10)
Thus, the precision of cross section extracted from a
measured fluorescence yield are highly sensitive to un-
certainties in the flux, which needs to be extracted from
fluctuating pulse energy and pulse structure. For exam-
ple, for two-photon ionization of the K−shell of zirco-
nium, the total cross section was reported in the range
3.9− 57× 10−60cm4s. The reason for this wide range of
values was appointed to systematic uncertainty in beam
parameters of LCLS FEL which determine the absolute
flux [12]. Similarly, Richter et al. [11] report 30% un-
certainty in the beam flux at FLASH FEL which results
in ≈ 50% uncertainty in the extracted cross section of
two-photon ionization of singly and doubly charged neon
atoms. On the other hand, the polarization degree of flu-
orescence is independent of these factors as it is given by a
normalized difference of the measured fluorescent photon
intensities. For example, the degree of linear polarization
is determined by the intensities of the fluorescence light
linearly polarized parallel Φ‖(θ) or perpendicular Φ⊥(θ)
with regard to the scattering plane P1(θ) =
Φ‖(θ)−Φ⊥(θ)
Φ‖(θ)+Φ⊥(θ)
.
This insensitivity to photon flux will allow to measure
the polarization with much higher accuracy than total
cross section, and hence, this method could serve as an
alternative approach in fundamental research as well as
nonlinear spectroscopy [8].
General interest. To illustrate the significance of non-
linear Cooper minima, we compare them to other known
effects in different processes which contributed to ac-
curate understanding of atomic processes. First of all,
they can be considered as nonlinear equivalents of the
Cooper minima in one-photon ionization process [22, 23],
since in both cases vanishing of the dominant ionization
channel strongly influences observable quantities. In one-
photon ionization processes, Cooper minima have opened
the door for accurate comparison of theory with experi-
ment e.g. [36, 37], or even allowed to resolve relativistic
effects in photoelectron angular distributions or ioniza-
tion time delay [38–41]. The nonlinear Cooper minima
also share similar characteristics with the tune-out wave-
lengths, specific photon energies at which the atomic po-
larizability vanishes. Their exact energy positions are
sensitive even to small contributions such as finite nu-
clear mass effect, or relativistic and QED corrections
[42–44]. Similarly to both above examples, Cooper reso-
nances have the potential to push the accuracy at which
we understand nonsequential nonlinear process beyond
current possibilities. It is worth noting that nonlinear
Cooper minima are not only imprinted in the fluores-
cence polarization, but can also be used to find strong
6IncidentPhoton Energy (eV)
,
P
3
FIG. 3. (Color online) Two-photon ionization of the 2p1/2−electron of magnesium atom. Total cross section (in units of
5× 10−50 cm4s shaded) and degree of circular polarization (lines) of the emitted fluorescent photon P3(θ = 0
◦) as functions of
incident photon energy. Three different screening potentials were used to calculate the quantities: Core-Hartree (dot-dashed,
blue), Perdew-Zunger (full, green), and Kohn-Sham (dashed, red).
nonlinear interference effects such as photoelectron ellip-
tical dichroism. It has been shown that maximum ellip-
tical dichroism can be achieved in the case of two-photon
ionization of s− states for two incident photon energies
near the nonlinear Cooper minima [45, 46].
Conclusion. The existence of Cooper minima in two-
photon ionization was generally proven and supported by
numerical calculation. Moreover, based on physical angu-
lar momentum arguments, we demonstrated that in the
case of two-photon inner-shell ionization of p−electrons
by circularly polarized light at these nonlinear Cooper
minima, the subsequent fluorescence will be unexpect-
edly strongly polarized. This polarization transfer from
the incident to fluorescent photon appears as a strong
resonance in the polarization spectra, which can be ac-
curately measured and subsequently used as a sensitive
quantity for comparison with theory. The proposed ap-
proach was demonstrated on experimentally plausible ex-
ample of two-photon ionization of magnesium.
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